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Dunlap-Kenkre result states that Dynamical Localization (DL) of a field driven quantum particle 
in a discrete periodic lattice happens when the ratio of the field magnitude to the field frequency 
(say, 7^) of the diagonal sinusoidal drive is a root of the ordinary Bessel function of order 0. This 
has been experimentally verified. A generalization of the Dunlap-Kenkre result is presented here. 
We analytically show that if we have an off-diagonal driving field (with modulation S) and diagonal 
driving field with different frequencies (say uj\ and uJ2 respectively) and a definite phase relationship 
(f> between them, one can obtain DL if (1) rj \s a, zero of the Bessel function of order and (f> is an 
odd multiple of 7r/2 for equal and ^ = odd integer driving frequencies, (2) 77 is a zero of the Bessel 
function of order and (f> is an integer multiple of vr including zero for ^ = even integer = m, 
and (3) (f) = -arcsin( ^;^°y ) and 77 is not a zero of the Bessel function of the even order m. 



PACS no: 03.75.Lni, 03.65.Xp, 05.60.Gg, 67.85.-d 

Needless to repeat the popular idea that the cold atoms 
in optical lattices provide a well controllable experimen- 
tal apparatus for testing the models of condensed mat- 
ter physics [ij. Recently, in addition to various other ex- 
perimental verifications, the phenomenon of Dynamical 
Localization (DL) has been realized with cold atoms in 
optical lattices DL has been previously predicted in 
seminal work of Dunlap and KenkreQ. DL states that 
the wave packet of a single particle moving in a single- 
band tight-binding lattice with nearest-neighbor coupling 
driven by a spatially homogeneous ac field becomes local- 
ized whenever the ratio of the field magnitude to the field 
frequency is a root of the ordinary Bessel function of or- 
der 0. This effect is latter understood physically in terms 
of dynamical band collapse Q with far reaching conse- 
quences including metal-insulator transitions in quasi- 
periodic lattices [5[. Dunlap-Kenkre result has been re- 
cently generalized for arbitrary time-periodic forcing and 
going beyond nearest-neighbor approximation^. DL 
has also been predicted in semiconductor superlatticesQ. 
Recently the importance of phase of driving field has been 
realized^ which show that, for systems with strong at- 
tractive pairing, it enables different types of collisions 
and re-collisions between paired and un-paired atoms. 

In this letter we point out the effect of phase differ- 
ence between previously introduced off-diagonal driveQ 
and diagonal drive Q on the phenomenon of dynamical 
localization. We analytically see that DL can be con- 
trolled with various other experimental control parame- 
ters and new DL conditions exist. Our results are readily 
amenable to experiments. 

The Hamiltonian of an atom in an amplitude modu- 
lated and driven optical lattice (see Fig. [T]) in one dimen- 
sion is given as. 

Hit) = — ^(l + (5sin(wit + 0))^(|O(; + l| + |/ + l)(/|) 




back-and-forth 



FIG. f : Modulation of the optical lattice. The upper figure 
(a) corresponds to the "deep-shallow-deep" periodic modula- 
tion of the optical lattice (off-diagonal term in the Hamilto- 
nian with frequency cji). The lower figure (b) represents the 
back-and-forth motion (shaking) of the optical lattice with 
frequency lj2 (this corresponds to the diagonal term in the 
Hamiltonian). The dotted line in the upper figure shows a 
schematic time evolution of the atomic wave packet. 
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Where ^ and uj2 is the strength and frequency of the 
diagonal drive (equivalent to shaking the optical lattice 
back and forth) . S and wi is the strength and frequency of 
the off-diagonal modulation (by periodically modulating 
the amplitude of the optical wells- "deep-shallow-deep" 
periodic modulation). is the phase difference between 
the drives and V is the tunneling matrix element between 
the nearest neighbor optical wells. |^) is the Wannier 
state localized on lattice site / (lattice constant = 1). 
For 6 = we have the case considered by Dunlap and 
Kcnkre. 

We start by putting the atom at a lattice site (Fig. 
[T]). Thus density matrix of the atom at t = in site rep- 
resentation is Pm,n{t = 0) = 5m,oSnfi- The time evolution 
of the atomic wave packet is given by Liouvelle-Von Neu- 
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TABLE I: Summary of results 



(jJl = (JJ2 


^ ~ rn (odd integer) 


^ ~ m (even integer) 






t%{M7l) + S sin (j}J,„{r^)f 


77 is a zero of Jo and — (2n + 1)^ 
(DL condition) 


7; is a zero of Jo and (j) — {2n + 
(DL condition) 


77 is a zero of Jo and (p = 
or <j) — ~ sin^^(^y^i^) and 77 is not a zero of Jm- 



mann equation 

^n'-§^-[H,p]. (2) 

In the site representation it reads, 
d{m\p{t)\n) 9pm,n(t) ^Z^., , c • , + , 

^{pm+l.n Pm,n+1 ^" Pm— l,n Pm,n— l] 
-i\cos{L02t){m ~ n)pra.n{t)- (3) 

Here (3 = V/h, and A = S^/h. Consider the following 
transformation 

Pm,n = Pm,ne-'^(*)("~"\ f {t) = — sin(c^2t). (4) 

W2 



—Qf - = y (1 + ^ sin(a;it + cj))) 

X (e ^ ' Pn ■ ^ - ~ P ■< ^ ' n . , ^ p J \ 1 1 



1+1, n ^ Pm.n+1 "T" C Pyyi — \ . 



if{t) 



Pm^n—1 ) ■ 



(5) 



On writing the above equation in Fourier space with, 

m^n— — oo 

puts it into a much simpler form, 
dp{ki,k2,t) 



(6) 



dt 



2i/3{l + Ssm{iJit + 4>)) 



X sin(^ii±^ - fit)) sm{'^^)P{k,,k2,t). (7) 

This can be further simplified by defining center-of-mass 
and relative coordinates as p = '"-'^''^ , and u = ki — k2, 
and re-defining p{ki,k2,t) = g{p,u,t), whose solution is 
straightforward 



g{p,U,t) = e-2i/?sin(«/2)/^*(l+6sin(a;it'+0))sin(p-/(t'))<it'^ 



Where we have used q{p, u, 0) = 

V 5 nS „p+'^i^/'^2)sin{ui2t){m-n)-imki+ink2 _ ^ Now 

on integrating the above equation with respect to p we 
obtain a closed equation in ^{u, t) = ^ J^^ g{p, u, t)dp. 

We are interested in finding the mean displacement 
and mean-squared displacement of the atom from the 



starting point. One notices that {n{t)) = i^^^^\u=o = 

jJ- r r/nV n (f)d_ -i7n{p+u/2)+in(p~u/2)\ _ 

J2n'^P^hnit)- Similarly (n^(t)) = -■^-|^|«=o- 

A simple computation using the above prescription 
show that mean displacement is always zero (centre-of- 
mass of the wave packet does not move) . A computation 
of the mean-squared displacement leads to 



{n'{t))^^{u'{t)+v'{t)), 



(9) 



dt' cos{?]sin{uj2t')) + 



with u(t) = 
S Jq dt' cos{?]sm{uj2t')) sin(wit' + 0), ij = ^ and v{t) = 
J* dt' sin{r] sm{uj2t')) + 6 dt' sm{rism{u>2t'))sin{ujit' + 

For the case of equal frequencies uji = u)2 wc write u(t) 
and v{t) in terms of time bounded {Bu{t) and By{t)) and 
time unbounded functions as Bu{t) +tJo{r]) and By{t) + 
tS cos{(j))Ji{r]). We obtain (after a long calculation) the 
mean-squared displacement in the long time limit i ^ 77 
as 

{nHt))^t'^{Mv)' + S'cos^Mv?)- (10) 

Here Jq and Ji are the ordinary Bcssel functions of order 
and 1 and 7] > 0. For 6 — we get back the Dunlap- 
Kenkre result, as we should. Here we get DL if 77 is the 
zero of Jo and = (27i -1-1)^, n € Z. One impor- 
tant implication is that the motion of the atom is now 
controllable through 5 and phase </> also. 

For the case of unequal frequencies ^ = ™ (integer) 
one sees that the analysis can be further divided into two 
sub-cases (1) m odd integer, and (2) m even integer. As 
before, writing u(t) and v(t) in terms of time bounded 
and time unbounded functions, we obtain {n^it)) for the 
first sub-case {m odd integer) in the long time limit t ^ 
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as 



(n\t)) = t^^iMv)' + 5^ cos' Mvf), 



(8) and in the second sub-case (m even integer) as 



(„2 (t)) =t'!^{Joiv)+S sin J,„ (77))^ 



(11) 



(12) 



UJ2 



Here J„j is the ordinary Bessel functions of order m 
and 77 > 0. For 5 = we again get back the Dunlap 
Kenkre result as we should. Here we get DL (1) if 77 is 
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the zero of Jq and </> = (2n + l)f , n € Z (odd integer 
m case), (2) if is a zero of Jq and (/) is an integer mul- 
tiple of TT including zero (even integer m case), and (3) 
if 4'criticai = — arcsin( ^"^"^^^^ ) and is not a zero of the 
Bessel function of the even order m. These results are 
summarized in table I. 

There is another remarkable dynamical result. If diag- 
onal drive is zero i.e., C = i-C-; ^ = 0, the off-diagonal 
drive Ssinicjit + (j)) has no effect on the temporal evolu- 
tion of the atomic wave packet. The width of the wave 
packet expand oc as it should in pure quantum dynam- 
ics (it will not see the "deep-shallow-deep" motion of the 
optical lattice !). 

The above mathematical results should be directly ver- 
ifiable with present sophistication of experiments with 

cold atoms in optical lattices [3] especially the 4>criticai = 
-If- Jo('?) ^ 



— sm 
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